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We studied the dynamics of the order parameter and the winding numbers W formation of a
quenched normal-to-superconductor state phase transition in a finite size holographic supercon-
ducting ring. There is a critical circumference C˜ below it no winding number will be formed, then
C˜ can be treated as the Kibble-Zurek mechanism (KZM) correlation length ξ which is proportional
to the fourth root of its quench rate τQ, which is also the average size of independent pieces formed
after a quench. When the circumference C ≥ 10ξ, the key KZM scaling between the average value
of absolute winding number and the quench rate 〈|W |〉 ∝ τ−1/8Q is observed. At smaller sizes, the
universal scaling will be modified, there are two regions. The middle size 5ξ < C < 10ξ result
〈|W |〉 ∝ τ−1/5Q agrees with a finite size experiment observation. While at ξ < C ≤ 5ξ the the aver-
age value of absolute winding number equals to the variance of winding number and there is no well
exponential relationship between the quench rate and the average value of absolute winding number.
The winding number statistics can be derived from a trinomial distribution with N˜ = C/(fξ) trials,
f ' 5 is the average number of adjacent pieces that are effectively correlated.
Second order phase transition that traverses the crit-
ical point at a finite rate is a non-equilibrium process.
Due to the relaxation time’s divergence near critical point
(critical slowing down), the formation of topological de-
fects by taking into account finite speed of propaga-
tion of the relevant information was predicted by the
Kibble-Zurek mechanism (KZM)[1–8]. The original idea
of KZM is from Kibble’s insight on the role of causal-
ity in structure formation in the early universe [1, 2].
Later, Zurek found that condensed-matter systems offer
a test-bed to study the dynamics of symmetry breaking
[3–5]. He firstly predicted the formation of independent
regions with their average size controlled by the correla-
tion length ξ at the point when the frozen time ends, ξ
scales with the linear quench rate τQ in which the phase
transition is crossed as a universal power-law
ξ ∝ ταQ, (1)
the power-law exponent α = ν/(1 + νz) is set by a com-
bination of the dynamic and correlation-length (equilib-
rium) critical exponents denoted by z and ν, respec-
tively. By assuming the number of defects is propor-
tion to the numbers of independent regions formed N
and N ∝ Ld/ξd (L is the size of the system, d is the
dimensionality of the system ), then the average density
n˜ = N/Ld of the resulting topological defects scales with
the linear quench rate as a universal power-law
n˜ ∝ τ−dαQ , (2)
this is the key prediction of KZM.
In 3D and 2D systems, the topological defects are usu-
ally vortex strings [9] and vortices [10, 11] respectively
with zeroth order parameter inside the vortex cores. In a
1D system with real order parameter, kinks is the topo-
logical defects with zero order parameter in the center
[12]. While in a 1D systems with a complex order pa-
rameter undergo a phase transition that breaks the U(1)
gauge symmetry, winding numbers W =
∮
C
dθ/2pi are
expected to form but the amplitude of the order param-
eter keeps uniform[13, 14]. Numerical experiments in a
quenched superfluid/superconductor have supported the
KZM’s key prediction of scaling in 3D [9], 2D [11, 15, 16]
and 1 D [13, 14]. In laboratory, the Eq.(2) has also
been confirmed in liquid crystals [17–19], 3He superfluids
[20, 21], Josephson junctions [22–25], thin-film supercon-
ductors [26, 27], a linear optical quantum simulator[28]
and also in a strongly interacting Fermi superfluid [29].
Recently, Adolfo del Campo, etl found the universal
statistics of topological defects formed in a quantum
phase transition beyond KZM [30, 31], which has been
confirmed by a 1D quantum simulation [32].
Despite the progress, few attention has been devoted to
the case when the size of the system approaches the order
of ξ. Except in experiment [33] the size effect results was
reported in an Bose gases through a temperature quench
of the normal-to-superfluid phase transition. Large size
observation matches the KZM’s prediction by using the
mean field theory critical exponents z = 2, ν = 1/2,
where 〈|W |〉 ∝ τ−1/8q at fixed C and 〈|W |〉 ∝
√
C at a
fixed τQ. However, at small size C < 10ξ, 〈|W |〉 ∝ τ−0.2Q
at fixed C and 〈|W |〉 ∝ C0.8 at a fixed τQ. Now a the-
oretical model and even a numerical simulation is still
lacking to address the experimental observation. Also,
the KZM does not include the case when the system size
is not an integer multiple of ξ since at large sizes the re-
mainder can be ignored, the number of KZM pieces N
is always an integral. However, at a finite size close to
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FIG. 1. Winding up a superconducting ring after
a temperature quench τQ = e
3, the circumference
C = 20. In the four rows we show the magnitude of the
order parameter |〈O〉| and it’s phase θ configuration in the
dynamic process. The system finally enters an equilibrium
state with constant amplitude of order parameter and a
fixed configuration of phase field θ(x). The winding number
W = n+ − n− = −1, n+ = 1, n− = 2.
ξ, one have to consider the case of a fractional N . Fur-
thermore, equilibrium phase transitions at finite size can
still have universal scaling laws, as confirmed in a 3He
superfluid phase transition [34] and a strongly coupled
holographic superconductor [35], then it is of importance
to study the finite size effect on dynamics and defects
formation in phase transitions crossed at a finite rate.
In order to study the finite size Kibble-Zurek mecha-
nism, we adopt a holographic superconductor ring model
in the framework of Gauge/Gravity duality, focusing on
the spontaneous formation of winding in the supercon-
ducting ring with any value of circumference after a
temperature quench. The Gauge/Gravity duality[36–
38] that relates strongly interacting quantum field the-
ories to theories of classic gravity in higher dimensions
has been proved to be a new and useful scheme to
study strongly interacting condensed matter systems in
equilibrium[39, 40], and also to study the real time dy-
namics when the system is far away from equilibrium
[41–43]. Then it is very suitable to study the phase tran-
sition dynamics happened at a finite rate[14–16, 44–49].
We adopt the well studied holographic superconductor
model defined in a AdS black hole [50–52],
S =
∫
d4x
√−g
[
− 1
4
F 2 − (|DΨ|2 −m2|Ψ|2)
]
. (3)
This is the Einstein-Maxwell-complex scalar model,
where the black hole background geometry is ds2 =
`2
z2
(−f(z)dt2 − 2dtdz + dx2 + dy2) in the Eddington co-
ordinate, f(z) = 1− (z/zh)3, the black hole temperature
T = 3/(4pizh). x, y are the boundary spatial coordinates.
There is a critical value of the black hole temperature be-
low that the charged scalar develops a finite value in the
bulk while it’s dual field theory operator have a finite
expectation value 〈O〉, which breaks the U(1) symme-
try in the boundary field theory. Working in 1D spa-
tial boundary geometry by only turning on coordinate x
dependence of all the fields in the equations of motion,
using the periodic boundary condition in the x coordi-
nate we are effectively studying a superconducting ring.
By solving the dynamic equations by changing the black
hole temperature above Tc to a one below Tc, the quench
induced winding number formation process can be mon-
itored in details[53]. One sample result of a quench from
1.1Tc to 0.82Tc is given in Fig.1, where τq = e
3 and
C = 20. After the quench the order parameter amplitude
approaches the equilibrium value while the phase devel-
ops a stable configuration that does not change anymore,
the winding number W = −1. From the phase configura-
tion in Fig.1, we can define the number of local positive
winding numbers n+ and also the number of local nega-
tive winding numbers n− as shown in the last plot, then
W = n+− n− = 1− 2 = −1. The n+ and n− are impor-
tant to understand the statistics of W as will be shown
later.
The winding number W of a long quenched supercon-
ducting ring admits a Gaussian distribution then it’s av-
erage value is always zero [13]. In order to see how quench
rate affect the formation of W , people always refer to it’s
variance σ2(W ), which is proportional to the number of
independent pieces N = C/ξ ∝ τ−1/4q using the mean
field exponents z = 2 and ν = 1/2 in Eq.(1), ξ is the
correlation length corresponding to the time when the
frozen time end. At large N limit, the mean absolute
winding number 〈|W |〉 can be computed from the Gaus-
sian distribution, then one can obtain the key prediction
[13]
σ(W ) =
√
〈W 〉2 ∝ 〈|W |〉 ∝ τ−1/8Q . (4)
At a fixed rate, one can have 〈|W |〉 ∝ σ(W ) ∝ √N .
Fig.2 (left) plots σ2(W ) as a function of C for four
different quench rates (τQ = e
4, e5, e6, e7), average over
100000 times calculation for a circumference. According
to KZM, since the system inherits an infinite relaxation
time at the critical point then it can not catch the speed
of a quench, as a result, the superconducting ring will be
divided into many independent pieces with their average
size to be ξ(τQ). The topological defects forms at the
positions where the independent pieces meet, it is nature
to conclude that there will be a critical value of circum-
ference C˜ that below which there is only one piece then
no winding number will be formed. C˜ is the average size
of an independent region, also the value of the correla-
tion length ξ(τQ). Numerical result of C˜ confirmed the
key prediction of KZM that ξ(τQ) ∝ τ1/4Q (Fig.2 inset).
3The Log-Log plot founds that the slop k = 0.224, close
to 0.25 as expected. According to KZM’s picture of the
quenched dynamic phase transition, σ2(W )[C] lines for
different rates can be scaled to exactly one line by trans-
forming C to be the number of regions/pieces formed
(Fig.2 (right)), in a formula it can be expressed as
σ2(WτQ1)[C1] = σ
2(WτQ2)[C2], (5)
when C1/ξ(τQ1) = C2/ξ(τQ2) = N , N is the number of
independent pieces formed after the quench. Also the lin-
ear relationship σ2(W ) ∝ N between variance of winding
number and number of regions can be seen when the size
of regions is roughly larger than five. Then, we confirmed
the KZM mechanism from another perspective from the
size dependent results rather than computing Eq.(2) di-
rectly. Note that the agreement also confirmed the fact
that a holographic superconducting phase transition is
always of the mean field class [54–56].
Besides the perfectly KZM matched results, from
Fig.(2) one can also find that the prediction σ2(W ) ∝ N
can not hold when the ring size is reducing. From Fig.(3)
(b) the log-log plot tells that the non KZM region is
1 < N ≤ 5. Also in this region, there is another in-
teresting feature that σ2(W ) = 〈|W |〉, since the winding
number can have only three value −1, 0, 1. with the van-
ishing 〈W 〉. One thing needs to emphasize is that in this
region, though the KZM pieces N can be larger than one,
W does not take a value larger than one, this may indi-
cates that the formation of topological defects in a size
N ≤ 5 is effectively correlated.
Also from Fig.3 (b,c), at a larger size 5 < N < 10,
σ2(W ) has a linear dependence of N , but
〈|W |〉 ∝ N0.8. (6)
This is different from the large size result 〈|W |〉 ∝ N0.5,
which is a result that the W admit a Gaussian distri-
bution [13]. Then one can conclude that the Gaussian
distribution is not good any more to capture the statistic
distribution of winding number at the small size case.
We compared the discrete distribution and the corre-
sponding Gaussian distribution with the variance of W
in Fig.(4), which shows the winding distribution at three
different numbers of regions N = 8, 18, 30. The discrete
distribution approaching a Gaussian one when increas-
ing N . While N < 10, |W | has only three values from
zero to two, the deviation from Gaussian distribution is
expected. Combining Eq. 6 and
ξ =
C
N
∝ τ1/4Q , (7)
we get exactly the scaling between average absolute wind-
ing number and quench rate beyond KZM reported in
experiment [31] when 5 < N < 10
〈|W |〉 ∝ τ−0.2Q . (8)
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FIG. 2. Size dependence of variance σ2(W ). (left)
Size dependence of σ2(W ) for four quench rates, from top to
bottom, τQ = e
4, e5, e6, e7. The inset shows the scaling of the
critical circumference. (right) σ2(W ) as a function of pieces
number N , all quench rate results are identical to each other.
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FIG. 3. Scaling of σ2(W ) and 〈|W |〉. (a) σ2(W ) and 〈|W |〉
as a function of N , when N < 5 the two have the same values.
(b) Logarithmic relationship between σ2(W ) and N . (c) Log-
arithmic relationship between 〈|W |〉 and N . k is the linear fit
slop.
Due to the fact that the global winding number W =
n+ − n−, the winding number in local regions can be +,
− or 0, it is nature to expect the distribution of local
winding number n+, n− can be captured by a trinomial
distribution. The probability of the trinomial distribu-
tion of trials N˜ reads
P (N˜ , n+, n−) =
N˜ !
n0!n+!n−!
(
p
2
)n
++n−(1− p)n0 , (9)
where n0 = N˜ − (n+ + n−), n0 is the number of pieces
where there is no local winding number. (n+, n−, n0) ≤
N˜ , N˜ equals to largest number of n+(n−), which can
be defined as the number of effectively unrelated pieces.
p/2 is the probability for both “ + ” and “− ” since the
two have the same distribution [57], while 1 − p is the
4“0” probability. From the largest number of n+(n−) of
a fixed N we find that N˜ = n+max = N/5. Furthermore,
we consider the case when the N˜ is not a integral, by
increasing from N˜ from a smaller integral number M to
M + 1, the σ2(W ) is increasing continuously without a
jump. To understand the continuous of σ2(W ), we apply
the mathematical theorem that the factorial in Eq.(9)
can be expressed by the Gamma function
M ! = Γ(M + 1) =
∫ ∞
0
yMe−ydy. (10)
To understand the fractional number N of KZM pieces
formed after a quench, we conject that the number of
pieces formed admit a normal distribution with it’s av-
erage value equal to N , which can be a any value frac-
tional number. With the distribution, one can calcu-
late the probability P (|W |), for example, P (W = 0) is
the summation of the cases where n+ = 0, n− = 0 and
n+ = n− in Eq.(9). P (|W | = 1) equals to the summation
of the cases where n+ = n−± 1. P (|W |) as a function of
N˜ = N/5 obtained from the trinomial distribution can
basically match the numerical results as shown in Fig. 4
(d), the best fit parameters were found to be p = 0.324
and N˜ = N/5, due to the fact that when N = 30, |W |
has it’s maximal value |W |max = 6. The P (|W | = 0) will
keep decreasing when |W | takes larger maximal values
due to the increasing numbers of pieces. P (|W | = 1) = 0
when N < 1, when N > 1 P (|W | = 1) keeps increasing to
its maximal value at about N˜ = 2. P (|W | = 2) = 0 when
N < 5(N˜ < 1). In a word, P (|W | = M) will have a finite
value only when N > 5M(N˜ > M). Another check of the
trinomial distribution can be done by computing σ2(W )
and 〈|W |〉 from P (W ) obtained from Eq.(9) [58], com-
pare the results to the numerical simulation in Fig. 3 we
find good agreement when N˜ ≥ 2. The deviation is obvi-
ous when N˜ < 1, in this region with only one effectively
independent KZM piece, there are only three possibili-
ties: n+ = n− = 0;n+ = 1, n− = 0; and n+ = 0, n− = 1.
Then 〈|W |〉 = σ2(W ) = P (n+ = 1) + P (n− = 1) = p,
the probability p is increasing from zero at N = 1 to a
constant p = 0.324 at N = 5.
In summary, our numerical experiment on spontaneous
formation of winding numbers in a finite size ring not only
confirms the KZM predictions but also presents new find-
ings of dynamics of phase transition in a superconducting
ring. Firstly, the finite size distribution of W is different
from Gaussian distribution then the KZM scaling law of
〈|W |〉 will be modified, which agrees the experimental
observation [33]. Secondly, the KZM assumes the pieces
formed after a quench are independent, while the nu-
merical results at finite size indicates that the five adja-
cent pieces are correlated, then the effective independent
pieces N˜ = L/5ξ. Furthermore, a continuous version of
trinomial distribution with a fractional N˜ trial was pro-
posed to understand the size dependent statistic distri-
bution of winding numbers. The nonlinear dependence
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FIG. 4. P (〈|W |〉) from trinomial distribution.(a-
c)Histogram of P (W ) for N = 8, 18, 30 respectively when
τQ = e
4. (d) Numerical results of P (|W |) (circles, from top
to bottom are |W | = 0, 1, 2, 3, 4, 5, 6 respectively) and their
fitted curves from Eq.8 (Solid lines).
between σ2(W ) and N is believed to be a results that the
winding number formation process are dependent when
N ≤ 5, where the probability p equals to σ2(W ) which
is C dependent. The number of effectively independent
pieces is N˜ = N/5, where N˜ still admits the scaling law
predicted by Kibbe-Zurek mechanism.
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6SUPPLEMENTAL MATERIAL
Equation of motion and the numerical scheme to
simulate a temperature quench
With the ansatz Ψ = Ψ(t, z, x), At = At(t, z, x), Ax =
Ax(t, z, x), Ay = Az = 0, and define Φ = Ψ/z.
The implicit form of the Euler-Lagrange equations from
Einstein-Maxwell-complex scalar model reads
∂t∂zΦ− iAt∂zΦ− 1
2
[i∂zAtΦ + f∂
2
zΦ + f
′∂zΦ− zΦ
+(∂2xΦ)− i∂xAxΦ−A2xΦ− 2i(Ax∂xΦ)] = 0; (11)
∂t∂zAt − (∂2xAt + ∂2yAt)− f∂z(∂xAx + ∂yAy) + ∂t(∂xAx + ∂yAy)
+2At|Φ|2 − if(Φ∗∂zΦ− Φ∂zΦ∗) + i(Φ∗∂tΦ− Φ∂tΦ∗) = 0; (12)
∂t∂zAx − 1
2
[
∂z(∂xAt + f∂zAx)− i(Φ∗∂xΦ− Φ∂xΦ∗)− 2Ax|Φ|2
]
= 0; (13)
There is another constrain equation from the time com-
ponent of Maxwell equations,
∂z(∂xAx − ∂zAt) + i(Φ∗∂zΦ− Φ∂zΦ∗) = 0. (14)
Throughout this paper, we work in the units with e =
c = ~ = kb = 1 and we also have scaled ` = 1.
There is a critical black hole temperature below which
the solution with a finite Φ then the U(1) symmetry can
be spontaneous broken, all the critical exponents at the
phase transition point are of the standard mean field val-
ues.
To solve the highly non-linear PDEs, the boundary
condition for the charged scalar and the gauge field must
be imposed, specifically, at the infinite boundary,
Ax(t, z, x) = ax(t, x) + bx(t, x)z +O(z2), (15)
Ψ(t, z, x) = Ψ1(t, x)z + Ψ2(t, x)z
2 +O(z3). (16)
from the AdS/CFT correspondence dictionary the coeffi-
cients ax can be regarded as the gauge field on the bound-
ary along x directions while Jx = −bx − (∂xat − ∂tax) is
the supercurrent. By fixing Jx we are dealing with a
superconducting ring with dynamic gauge field ax [1–4].
Coefficients at and bt are interpreted as chemical poten-
tial µ and charge density ρ respectively in the boundary
field theory. Moreover, Ψ1 is a source term which is set
to be zero, then Ψ2 is the vacuum expectation value 〈O〉
of the dual scalar operator in the boundary in the spon-
taneous symmetry broken phase. The temperature of the
black hole is T = 3/(4pizh), technically, to tune the tem-
perature people usually set zh = 1 while changing the
value of ρ according a scale symmetry of the equation.
The dimensionless quantity relate temperature and the ρ
is T/ρ2, there is critical ρc ≈ 4.06 above which the system
will enter a lower free energy state with non-vanishing
Ψ, quenching a ρ across ρc is equal to quench the system
from a high temperature state to a low temperature state
in a linear way by the following setup of a time depen-
dent ρ(t) in the quenching stage before approaching the
final temperature Tf < Tc
ρ(t) = ρc(1− t
τQ
)−2. (17)
t = 0 is defined as the moment quench begins, before
quenching the superconductor, the system with initial
fluctuations had been thermalized for a sufficient time.
The initial random seeds of the fields in the bulk by
satisfying the statistical distributions 〈s(t, xi)〉 = 0 and
〈s(t, xi)s(t′, xj)〉 = hδ(t − t′)δ(xi − xj), with the ampli-
tude h = 10−3. In the radial direction z, we use the
Chebyshev pseudo-spectral method with 21 grids. Since
in the x-directions, all the fields are periodic, we use the
Fourier decomposition along x-directions. Filtering of
the high momentum modes are implemented following
the “2/3’s rule” that the uppermost one third Fourier
modes are removed [5].
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FIG. 5. Distribution of n+ and n− for three different
sizes. P (n+) always equals to P (n−).
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FIG. 6. σ2(W ), 〈|W |〉 and their fitted curves from tri-
nomial distribution.
